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ABSTRACT

COMPACT COMPOSITION OPERATORS ON THE HARDY AND
BERGMAN SPACES

Abebaw Tadesse, PhD

University of Pittsburgh, 2006

The thesis consists of three pieces of results on compact composition operators on the Hardy
and Bergman spaces. In the first part, chapter 2, we re-formulate Lotto’s conjecture on the
weighted Bergman space A% (—1 < a < 00), setting. We used the result of D. H. Luecking
and K. H. Zhu [3] to extend Zhu’s solution (on the Hardy space H?) to the weighted Bergman
space AZ. The results of this chapter has been published in [18].

In the second part of the thesis, chapter 3, we investigate compact composition opera-
tors which are not Hilbert-Schmidt. We consider the class of examples (see B. Lotto [2])

of composition operators Cy; whose symbol ¢ is a Riemann map from the unit disk D onto
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the semi-disk with center (s,0), radius % and, in general, onto a “crescent” shaped regions
constructed based on this semi-disk (see also [2].) We use the R.Riedel [8] characterization
of f-boundedness/compactness on H? to determine the range of values of 3 € R for which
Cy is B-bounded/compact. Similar result also extends to composition operators acting on
the weighted Bergman spaces A2 (o > —1) based on W.Smith ([5]) characterization of 5—
boundednes/compactness on these spaces. In particular, we show that the class of Riemann
maps under consideration gives example(s) of § ~bounded composition operators C,, which
fail to be f compact (0 < § < o0.) This was an open question raised by Hunziker and
Jarchaw [6](Section 5.2). Our second result arises from our attempt to generalize these ob-

servations to relate Hilbert—Schmidt classes with f—bounded/compact operators. We prove

a necessary condition for Cy to be Hilbert—Schmidt in terms of S-boundedness. Extending
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this result to the Schatten classes, we proved a necessary condition relating S—bounded com-
position operators with those that belong to the Schatten ideals. The results of this chapter
has been presented at the January 2005 AMS joint meeting in Atlanta, Georgia, and they
are under preparation for publication.

In the last part of the thesis, Chapter 4, we characterized compact composition operators
on the Hardy—Smirnov spaces over a simply connected domain. In the end, we gave an
explicit example demonstrating the main results of this chapter for a simple geometry where
an explicit and simplified expression for the Riemann map is known. The results of this
chapter has been presented at the January 2006 AMS joint meeting in San Antonio, Texas,
at the Analysis conference in honor of Prof. Vladmir Gurariy at Kent State University,
March, 2006 and at the Banack Space conference in honor of Prof. Negel Kalton at the
University of Miami, Oxford, Ohio, April, 2006. It is also under preparation for publication.



TABLE OF CONTENTS

PREFACE . . . . . . e viii
1.0 INTRODUCTION . . . . . .. e 2
2.0 EXTENSION OF LOTTO’S CONJECTURE ON THE WEIGHTED
BERGMAN SPACES . . . . . . e 4
2.1 BACKGROUND AND TERMINOLOGY . . ... ... ... ... ..... 4
2.2 EXTENSION OF LOTTO’S CONJECTURE ON THE WEIGHTED BERGMAN
SPACES . . . o 8
3.0 BETA - BOUNDED AND SCHATTEN CLASS COMPOSITION OP-
ERATORS ON THE HARDY AND BERGMAN SPACES ... .. .. 14
3.1 BACKGROUND . . . . .. 14
3.2 BETA-BOUNDEDNESS ON THE HARDY AND BERGMAN SPACES . . 17
3.3 BETA-BOUNDEDNESS VS. HILBERT-SCHMIDT /SCHATTEN CLASS OP-
ERATORS . . . . e 23
4.0 CHARACTERIZATION OF COMPACT COMPOSITION OPERA-
TORS ON THE HARDY-SMIRNOV SPACES. .. ... ... ...... 26
4.1 PRELIMINARIES . . . . . . e 26
4.2 MAIN RESULTS . . . . . e 28
4.3 EXAMPLES . . . . . 30

BIBLIOGRAPHY . . . . . e 32

vi



= W NN =

LIST OF FIGURES

The half disk . . . . . . .. . o 7
The half disk (B =1/2) . . . . . .. 10
Crescent shape region (0 < S <1/2) . . . . . ... ... . . ... .. 10
Lens shape region (1/2 < B <1) . . .. ... 11

Vil



PREFACE

I would like to dedicate this thesis in honor of my advisor the late Prof. T. A Metzger
for his unconditional love, inspiration and unreserved help on the formulation of my thesis

topic/problems and subsequently to the solutions development.

I would like to express my deep gratitude to my current advisor Prof. Juan J. Manfredi
and the Ph.D. committee members: Prof. Christopher J.Lennard , Prof. Frank H.Beatrous,
Prof. Jacob Burbea and Prof. Louis Chaparro for their unconditional love, indispensable
help and encouragement during the solutions development and on the compilation of the
Thesis. I am also very much grateful to Prof. Henning Rasmussen, my former advisor at the
applied Mathematics Department, University Of Western Ontario, for his unconditional love,
tremendous support and understanding during my stay in Canada and facilitating a smooth
transfer to he University Of Pittsburgh, I also take the opportunity to thank all the faculty
and staffs members of the applied Mathematics Department, University of western Ontario,
in particular to Prof. Paul Sulluvan( former Chair of the Department),Prof. Robert Corless(
Chair), Prof. David Jafferey, Prof. Richard Mingeron, Prof. Dennis, Ms. Gaile Macckenze,
Ms. Pat Mellon, Ms. Audrey, Mr. Ralph and Mr. Nurri Fattahi and his beloved family, for

their unconditional love and kindly support during my lovely stay in the Department.

I also take this same opportunity to express my deep gratitude to Mr.Solomon, his beloved
mom and his beloved wife Ms. Stella , Ms. Selestina, Ms. Lidiya and( in particular, for
outpouring to our families the tremendous love and support during our lovely stay in London,
Ontario), and their beloved family and the rest of beloved Ghanaian friends and families,
Ato Seifu and W/o Alem Kassa and their beloved daughter Merry,Ato Messay, Ato Dawit,
Ato Kirubel and W /o Tigist and their beloved family. Ato Abraham and W /o Lemlem and
their beloved family, W/t Tadu, Pastor Eshetu and W/o Atsede and their beloved family,

Viil



Ato John and W/o Sara and their beloved family, Ato Paulos and W /o Mimmi and their
beloved family, W/o Emebet and Ato Bruck and their beloved children:Yabsra, Meba and
Nathi,Ato Marcos and W/o Amsale and their beloved children:Noah, Nathi and Kebron,
Ato Nega, W/t Senait, W/t Mulate, W/t Mamitu, Ato Misgina, W/t Nigist, Ato Belay
and W /o Dinke and their beloved family, Ato Shiferaw and W /o Tsehay, W/t Genet , W/t
Menbere, W/t Tsehay, and the rest of the beloved members of the Ethiopian community for
their unconditional outpouring love and tremendous support to me and my family during
my lovely stay in London, Ontario. I would like to express my deep gratitude to Dr. Richard
Maltainer, Dr. Richard Inculet, Dr. Chris, Ms. Allison, Ms. Maggie, Ms. Sandra, Ms.
Claire Mellon, Ms. Nancy Boyd, Ms. Monica, Mr. Jhon Obieda and Ms. Marry and the
rest of the Medical Doctors, Nurses, Psychotherapists, Occupational therapists, Insurance
personnel, and all the rest of the care givers at the University Hospital, University of Western
Ontario for their outpouring of enormous love and tremendous support during my lovely stay

at the Hospital in my difficult days.

I also owe my deep gratitude to Prof. H. Neunzert and his beloved wife Ms. Renete
Neunzert , Prof. Eschmann, Prof. Struckmeir , Prof. Marlis Hockenbrock and the rest of
the members of the Tecchnomatimatik Community at the university Of Kaiserslautern, and
the German Academic and Cultural Exchange Programme(DAAD) for their unconditional
love and tremendous help in introducing and subsequently nurturing me with the machineries
of Industrial Mathematics/applied Mathematics and also providing me and my family with
the love and joy of learning the German Language and cultures. I would like also to express
my deep gratitude to Ms. Annette and her beloved family, Ato Mesfin Redi and his beloved
family, Ato Kifle Berhe and W/o Abebech and their family, Mr. Solomon and his beloved
family, Ms. Sinke and her beloved family, Mr. Tibebe, W /o Tsedale and their beloved son
Ato Molla and their beloved family for expressing their unconditional love and tremendous

support to my and my family during my lovely stay in Kaiserslautern, Germany.

Next, I would like to express my deep gratitude from my Home Department at Addis
Abeba University to the late Prof. Alemayehu Haile, the late Dean Bisrat Dilnesaw, the late
Prof. Teklehaimanot Reta, Prof. Yismaw Alemu, Prof. Demissu Gemeda, Prof. Adinew

Alemayehu, Prof. Dida Midekso and Prof. Prof. Terry Morrison, Prof. R. Deumlich , Ato

1X



Mulugeta Niegzi, Ato Tesfa Biset, Ato Getaneh Bayu, Prof. Christopher Bandt, the late W /o
Shitaye Geremew , W/o Azeb Belay, W/o Buzinesh , W/t Buzuayehu, the Late Ato Abebe
Kebede, the rest of the members of Department of Mathematics and from the Ethiopian
Mathematics Community here in the united states Prof. Shiferaw Berhanu, Prof. Dawit
Abera, Prof. Abdulkadir Hassen, Prof. Tewodros Amdebrehan, Prof. Ahmed Mohammed,
Prof. Aklilu Zeleke, Ato Aderaw Fanta, Prof. Mekamu Zeleke, Prof. Akalu Teferea, Prof.
Dereje Seifu,Prof. Mohammed Tessema ,Ato Mussa Kebede Abdulkadir, Ato Mohamud
Mohammed Prof. Minnasie Ephrem, Prof. Umer Yaine and the rest of the members and
their families for pouring on me their unconditional love their enormous support in facilitating

my studies abroad and standing to my side in both my good and not good times.

Next, I take this wonderful opportunity to express my deep love and gratefulness to En-
gineer Tekeste Ahdrom, Engineer Mekonnen Mulat, the late Dr. Asrat, the late Ato Tesfaye
Beza, Dr. Hadigu Bariagabir, Ato Abdella Ahmed, Ato Migbaru Yimer, W/t Wubalem
Taye, Ato Gebregziabher Kiros, Ato Ekubay Kiflay ,Ato Zewdu Teferi, Ato Mulugeta Ejigu,
Ato Faye Ensermu, Ato Tariku Negash, Ato Eshetu Negash, Ato Befikadu Wuhib, Ato
Teshome Yehualashet, W/t Hiwot Tilahun, W/t Meseret Bekele, W/o Gebeyanesh Assefa,
W/t Alemitu Hunde, W/t Tsedale, W/t Fatuma, the late Ato Dawud Mohammed,Ato Es-
sayas, Prof. Gozen, Ato Mekete Shiferaw, W/t Zemzem, W /o Gidey, Ato Wendimagegn,
Prof. Gozen, Mr. Pattasini, Ato Gizachew Tilahun, Ato Teka Halefom, Ato Shewaye Tesfaye
W/t Seada and the rest of the members of the National Urban Planning Institute(NUPI) for
their tremendous love and compassion to me and their unreserved support in introducing me
and subsequently nurturing me in the field of Scientific computing and I deeply owe a lot for
facilitating my graduate studies at the School of Graduate studies, Addis Ababa University,
and gave me a wonderful opportunity of a working visit to Rome and Milano, Italy, in 1990,
and subsequently allowing a smooth transfer to Addis Ababa University to pursue my carrier

in Mathematics.

Next, I would like to take this same opportunity to thank Prof. Eshetu Wendimagegn
and W /o Gelila and their family, Ato Wasu Abebe and W/o Abeba Fita and their beloved
family, Ato Seyoum, Ato Seifu, Ato Yohannes Shiferaw W /o Konjit Tadesse and Ato Agidew
and their beloved family, W /o Sirgut Adeg and their beloved family, W /o Meaza Bekele and



their beloved family, Mr. Jaime Wallace and his beloved family, W /o Hirut Agidew and Ato
Ashenafi Tamirat and their beloved family, Mr. Todd Vassar and W /o Martha Agidew and
the family, W/o Sefanit yilma and Mr. Keven and the family, W/t Kidist Yilma, W /o Adey
Yilma and Mr. Doug and their beloved daughter Liya, W/o Selamawit and Ato Tsegaye
and their beloved family, Ato Yitna Alem, W/t Genet Asress, W/t Tigist Asress and Mr.
Ben, Ato Belachew Gelahun Ayele and W/o Alem Gebeyehu and their beloved daughter
Liyu, Ato Gedion Gedregeorgis, W/t Rohawit, Ato Hurui Teshome, W/o Hiwot and their
beloved children and family, Mr. Charlie and Ms. Daphne Anderson, Ms. Daphne, Mr.
Mikahil and their beloved family, Prof. Jhon Anderson and Ms. Gloria Anderson and their
beloved family,Pastor Deborah Byrum and Mr. Craig and their beloved family ,Mr. Carol
Johnson, Pastor Jhon Gruppe and his beloved family, Pastor Beth Siefert and her beloved
family, Pastor Paul Robert and his beloved family, Ms. Jannette, Ms. Carol and Mr. Bruce
and their beloved family, Ms. Joan and her beloved family, Ms. Laura and her beloved
family and the rest of members of the Ethiopian community in Pittsburgh and members
of the East Liberty Lutheran Church and the East Liberty Presbyterian Church for their
unconditional love and continued outpouring of support for me and my family making my

stay in Pittsburgh a joyous experience.

[ am also very much grateful to all members of Mathematics Department, University Of
Pittsburgh, faculty, staffs, my fellow graduate student colleagues, in particular, to Prof. Ivan
Yotov, Prof. William J.Layton, Prof. Mihai Anitescu, Prof William C.Troy, Prof. Patrick
Rabier, Prof. George A.J. Sparling, Prof. Elayne Arrington, Prof. Piotr Hajlasz, Prof.
Henry Cohen, Ms. Carol Olczak , Ms. Jennefer Diane Hall, Ms. Trace, Ms. Tony Digerno,
Mr. Drew Porvaznick, Ms. Judy, Ms. Laverne Lally , Ms. Molly Williams, Mr. Mathew
Jackson, Mr. Jasson Morris, Mr. Balwe Chetan, Mr. Anghel Catalin, Mr. Chuang Ken—
Hsien , Ms. Jyostna, Ms. Dana Mikhail, Ms. Gergina, Ms. Songul Kaya and Mr. Hussian
Merdan, Ms. Faranack, Mr. Nezir Veysel and Ms. Esra Veysel, M. Garry and Ms. April,
Ms. Judy day and Mr. Jerry Day, Mr. Radelet Dan, for their love and continued support in
facilitating my studies at the Department. I am also very much grateful to Mr. Bill Curry
, Mr. Mathew Jackson, Mr. Bill Curry for their unconditional love and help in using latex

and computer related problems.

x1



Next, I would like to express my deep gratitude for the beloved members of Dire Dawa
Comprehensive High school(in particular, to Ato Mekonnen Shegene , one of the Director
of the school at the time, my beloved math teacher the late Ato Shekib, Ato Dilnesahu to
name a few) , Dire Dawa Kezira Elementary School( in particular, to Ato Geberegiorgis
and Ato Mekonnen the then Director of the School, Ato Gebeyehu to name a few), Haraar
Kedamawi Haileselasie School( in particular Ato Tedla, my English Teacher) and My pre-
school ( a typical village school in Ehiopia, tradionally called 'kes timihirt bet’) Teacher(s)(
in particular Kes Abate in Dire Dawa) in my native places called Harar and Dire Dawa,
Ethiopia for their unconditional love and nurturing me all the way through my first year in

College and afterwards.

Next, I would like to take this golden opportunity to express my deeply felt gratitude to
my beloved friends and families Ato Agegnehu Atena and W /o Yalemzewd and their beloved
family, Ato Beyene Baysa and W /o Belaynesh and their beloved family, Ato Adugna Terefe,
Ato Yosef Wedimagegn, Ato Mekonnen Elfnew, and W /o Malefia and their beloved family,
Ato Taye Bogale, Ato Zewdu Tessema( in particular, I deeply owe his exceptionally huge help
in witting and compilation of my graduate Seminar Report upon completion of my MSc. in
Mathematics, Addis Ababa University, Ethiopia), Ato Johnny Mussa, Ato Gizaw Mekuria,
Ato Bekele Weyessa, Ato Kebede Mulugeta, W/t Roman Girma,Ato esael Kassa, Ato Kas-
sahun, the late Ato Werku Legessse, Ato Ali and W/t Seble and their family, Ato Zemedkun
Alebachew and W/t Meseret Eshetu, the late Ato Messele Abebe, Ato Abdurahman Mo-
hammed, Ato Kebede Agonafir for their unconditional love, friendships and tremendous

support and thereby shaping my carrier to where it stands today.

Next, I would like to express my deep gratitude to my beloved Grand mother the late
W /o Weleteyes Gedebu and her beloved husband the late Yeamsa Aleka Kassaye Welde, my
beloved mother W /o Yadegdigu Kassaye and my beloved father the late Yeasir Aleka Tadesse
Gebrehiwot( in particular for downloading and cultivating in me the fire of love from the
moment of my conception ), my beloved father the late Ato Girma Shetegn and his beloved
family, my beloved father Ato Gebre Bore and their beloved family, my beloved father Yeasir
Aleka Asseged and my beloved mother W /o Amsale and their beloved son Ato Fantu Tefera,
my beloved father Ato Gudeta and their beloved wife and beloved family: Gebriella and

xii



Free Gudeta, my beloved father the late Yeamsa Aleka Nigatu and their beloved wife W /o
Yeshi and their beloved family, my beloved father Ato Selomon Mengiste and his beloved
wife the late W /o Zeritu and their beloved family, my beloved father the late Tadesse and his
beloved wife and their beloved family: Yemetoaleka Mekoya Tadesse and his beloved wife, Ato
Birehanu Tadeese and his beloved wife and family, Ato Wukaw Tadesse, the late Ato Muluye
Tadesse and his wife beloved wife W /o Nigist and their beloved family, Ato Tefera Tadesse,
W /o Abebech Tadesse and her beloved family , my beloved father Ato Wendafrash and their
beloved family, my beloved brother the late Tesfaye ( 'Tesfaye frecha’) and his beloved family,
my beloved mother the late W/o Abebech Gebrehiwot and her beloved family: Major General
Teshome Tessema and W /o Engidaye and their beloved family, W/o Tenagne Tessema and
her beloved family: Ato Aweke, Ato Kebere, Ato Bezu, W/t Tensay and the rest of the family
, Ato Getachew Tessema and his beloved family, W /o Sinkinesh and her beloved family, Ato
Assefa and his beloved family, W /o Massay and Ato Samuel and their beloved family, W /o
Ejigayehu and her beloved family, my beloved father Ato Abayneh and his beloved family(
his son Ato Samuel Abayneh, W/t Werknesh Abayneh and the rest of the beloved family)
my beloved brothers and sisters: Ato Shimelis Kassaye and W /o Likyelesh Tadesse and
their beloved family: W/t Medhanit Shimelis, Lij Biltsigna Shimelis, Lij Biniam Shimelis,
Lijit Selamawit Shimelis, Lijit Bitaniya Shimelis and the rest of the family( in particular,
for their tremendous love and continued support from my early childhood to the present),
Ato Alemayehu Kassaye and W /o Tiruye and their beloved family ( in particular, for their
outpouring love and support throughout my carrier), W/o Wubalem Kassaye and her beloved
family( in particular for her unconditional love and continued support throughout my carrier
development), Ato Fikru Kassaye( in particular, for teaching me the oneness of friendship
[family and love), Ato Wendwessen Tadesse( in particular, for letting me see the love of God
vibrantly expressed in him), Ato Dereje Tadesse( in particular, for letting me see the love
of my father expressed in him) and Ato Awraris Tadesse( in particular for allowing me to
see in him the reflection of my love to him from his early childhood), my beloved mother
W /o Asselefech Gebrehiwot and the beloved family( in particular, their outpouring of love
and for raising me surrounded with tremendous love and support), my beloved father Ato

Weldeselassie Kidane and their beloved family, my beloved father Ato Ayele and his beloved

Xlil



family, my beloved father the late Ato Bashaye Gebreselassie Elfu and my beloved mother
W /o Tobiaw Gebrehiwot and the beloved family( in particular, for introducing me to Kezira
Elementary School with their tremendous support in my childhood Education), my beloved
father the late Ato Zewdineh Gebrehiwot and W /o Meseret and their beloved family: my
beloved brother the late Ato Minilik Zewdu, W/o Yizeshiwal Zewdu, Ato Girma Zewdu,
Ato Ashenafi Zewdu and the rest of the beloved family, my beloved Mother the late W /o
Birke Gebremeskel, my beloved father the late Ato Melaku, my beloved father the late Ato
Tadesse , my beloved mother W/o Senait Melaku and their beloved family: my beloved
brothers Dr. Fasil Melaku, Ato Asrat Melaku, Dr. Selomon Melaku, Ato Wubishet Melaku,
Lij Mamush Tadesse, W/t Wagaye and the rest of the beloved family, my beloved father
the late Ato Welderufael Gedebu and my beloved mother W /o Belaynesh Adera,my beloved
Brother and sisters Ato Mesfin Welderufael and his beloved family, W/o Martha Welderufael
and her beloved family, Ato Selomon Welderufael, W/o Almaz Welderufael, W/o Abebaw
Welderufael, Ato Alem Welderufael, W/t Sefanit Welderufael, Ato Grum Welderufael, my
beloved father Ato Lole and my beloved mother W/o Tsegaye and their beloved family:
the late Ato Yared Lole, the late Ato Daniel Lole, the late Ato Dawit Lole, W/t Luladey
Lole, W/o Rachel Lole and her beloved family, Ato Zelalem Lole and the rest of the beloved
family, my beloved father Ato Getachew Ayele and my beloved mother W/O Azad Moges
and their beloved family: Ato Ezana Getachew, W/t Aida Getachew, W/t Elleni Getachew,
Ato Christian Getachew and the rest of the beloved family( in particular, for outpouring the
flowers of understanding, unconditional love and enormous and continued support in shaping
my carrier, my college education, in particular) , my beloved mother W/O Adanech and my
beloved father Ato Yirga and their beloved children, my beloved Sister W /o Lubaba Assefa
and my beloved brother Ato Hassen and their beloved children: W/t Lila Hassen and Lij
Saladin Hassen, my beloved brother the late Ato Fisseha W /Selassie, my beloved brother
Ato Mesfin Weldeselassie, my beloved brother Ato Lulu Weldeselassie and his beloved family,
my beloved sister W /o Hiwot Weldeselassie and my beloved brother Ato Lulu Bogale and
their beloved family: W/t Mahlet Lulu, W/t Enatu Lulu, the late Abeselom Lulu and the
rest of the family, my beloved sister W /o Genet Weldeselassie and my beloved brother Ato
Worku and their beloved family, my beloved brother the late Lij Dawit Weledeselassie, my

X1v



beloved father the late Ato Kelbesa , me beloved mother the late W/o Asnakech Gurumu
and their beloved family, my beloved father Ato Arega Getaneh and my beloved mother W /o
Asegedech Tefera and their beloved family, my beloved sister W /o Zenebu Teshome and my
beloved brother Ato Mekbeb Negash, my beloved father the late Major General Teshome
Tessema and my beloved mother W /o Engidaye and their beloved family, my beloved brother
the late Ato Selomon Gebreselassie, my beloved Sister W/t Azeb Gebreselassie and her
lovely daughter Eyerus, my beloved brother the late Ato Samuel Geebreselassie and his
beloved wife and daughter Mihret, my beloved brother the late Ato Tsegaye Gebreselassie,
my beloved brother Ato Abre Gebremeskel, my beloved sister W /o Weinishet Gebreselassie
and her beloved family, my beloved sister W/t Tigist Gebreselassie, my beloved sister W /o
Mekdes Gebreselasse and her beloved family, my beloved brother Ato Sahilu Gebreselassie,
my beloved sister W/o Sara Gebreselassie and her beloved family, my beloved sister W/t
Seble Gebreselassie, my beloved sister w/t Aot Gebreselassie , my beloved brother Ato
Gebrehiwot and the rest of the members of the beloved families.

[ am also very much grateful to my beloved friends Ms. Nancy and Mr. Buck Sap-
penfield and their beloved family: Mr. Jakob Sappenfield, Mr. Zackery Sappenfield, Ms.
Lisa Careleton and the rest of the beloved family for rendering their tremendous love and
continued spiritual and material support. Finally, I am very much grateful and deeply owe
all my successes to my beloved wife Zewdie Arega, My beloved son Andualem Abebaw and
my beloved daughter Tsion Abebaw for their love, patience and understanding.

Abebaw Tadesse

University Of Pittsburgh

April, 2006



1.0 INTRODUCTION

The study of composition operators is a recent development which links the mathematical
fields of operator theory and geometric function theory.

Given a space of functions acting on a common domain and a function ¢ mapping the
domain to itself, the action of a composition operator, usually denoted by Cy, defines an
operator from the given space to itself.

In operator theory one wants to know how “simple” an operator is by looking at how
close it is in norm to an operator whose range has finite dimension. More specifically,
the main theme is to discover a connection between operator theoretic properties of Cjy
(say boundedness, compactness, closed range, Schatten classes etc.) and function theoretic
properties of the defining symbol ¢ (typically, the geometry of the image of ¢.) This leads
to such classes of operators as compact operators, operators of Schatten class, closed range
operators etc. In my work to date, these questions have been considered by looking at
the geometry of the image of the function defining the operator. My problem is to extend
the original works of J. Shapiro, Zhu, B. Lotto, and W. Smith to both the Hardy and the
Bergmann spaces of plannar multiply connected domains and possibly to Riemann surfaces.

In chapter 2, we re-formulate Lotto’s conjecture on the weighted Bergmann space A%
setting and extend Zhu’s solution (on the Hardy space H?) to the space A2. The results of
this chapter has been published in [18].

In Chapter 3, we investigate compact composition operators which are not Hilbert—
Schmidt. We consider the class of examples (see B. Lotto [2]) of composition operators Cl
whose symbol ¢ is a Riemann map from the unit disk D onto the semi-disk with center (%, 0),
radius % and, in general, onto a “crescent” shaped regions constructed based on this semi-disk

(see also [2].) We use the R.Riedel [8] characterization of f—boundedness/compactness on



H? to determine the range of values of 5 € R for which Cy is f-bounded/compact. Similar
result also extends to composition operators acting on the weighted Bergmann spaces A2
(v > —1) based on W.Smith ([5]) characterization of f—boundednes/compactness on these
spaces. In particular, as our first main result, we show that the class of Riemann maps
under consideration gives example(s) of § —~bounded composition operators C,, which fail to
be [ compact (0 < # < 00.) This was an open question raised by Hunziker and Jarchaw
[6](Section 5.2). Our second result arises from our attempt to generalize these observations to
relate Hilbert—Schmidt classes with S—bounded/compact operators. We prove a necessary
condition for Cy to be Hilbert-Schmidt in terms of B-boundedness. Finally, we state a
conjecture relating f—bounded composition operators with those that belong to the Schatten
ideals. The results of this chapter has been presented at the January 2005 AMS joint meeting
in Atlanta, Georgia, and they are under preparation for publication.

In chapter 4,we characterized compact composition operators on the Hardy—Smirnov
spaces over a simply connected domain. In the end, we gave an explicit example demon-
strating the main results of this chapter for a simple geometry where an explicit and simplified
expression for the Riemann map is known. The results of this chapter has been presented at
the January 2006 AMS joint meeting in San Antonio, Texas, at the Analysis conference in
honor of Prof. Vladmir Gurariy at Kent State University, March, 2006, and at the Banack
Space conference in honor of Prof. Negel Kalton at Miami University, Ohio, April 2006. It

is also under preparation for publication.



2.0 EXTENSION OF LOTTO’S CONJECTURE ON THE WEIGHTED
BERGMAN SPACES

In this chapter we re-formulate Lotto’s conjecture on the weighted Bergman space A2 setting
and extend Zhu's solution (on the Hardy space H?) to the space A%. In the first section
we present some background information and introduce the terminologies we need for the

subsequent sections.

2.1 BACKGROUND AND TERMINOLOGY

Let H denote the space of analytic maps on the unit disk D. For 0 < p < oo the Hardy

space HP is the subspace of H consisting of functions f that satisfy

1 2m )
P, = lim — #)P df < oo.
1 = tim 5= [ 17 do < o

The weighted Bergman space A? is defined (for a > —1) as

= (f el [[ 17GIPQ-1eR) dudy < o).

Given ¢ € H with ¢(D) C D, the composition operator Cy, on A? is defined by

The following facts are well-known.

N |=

e A% is a Hilbert space (with the norm [[f|| = ([, |f(2)[*(1 — |z*)*dady)?). ([14],

Lemma, Page 36)



e (4 is a bounded linear operator on A2. ( A consequence of Littlewood’s Subordination

Theorem ([14],Theorem 1.7 )

The compactness of Cy is characterized in B. D. MacCluer and J. H. Shapiro [4] in terms of
the angular derivative of the symbol ¢. We say the angular derivative of ¢ exists at a point

n € OU if there exists w € QU such that the difference quotient

¢(n) —w
2=
has a finite limit as z tends non-tangentially to n through U. The theorem is stated as

follows

Theorem 2.1.1. Suppose 0 < p < oo and a > —1 are given. Then Cy is compact on AP if

and only if ¢ has no angular derivative at any point of OD.

Another important result we need is Fatou’s Radial Limit Theorem ([14],Theorem 2.2,2.6)

which is stated as follows:

Theorem 2.1.2. If0 < p < oo and f € HP then the radial limit f*(n) = lim,_1- f(rn)
exists for almost every n € OU and the map f — f* is a linear isometry of HP onto a closed

subspace of LP(OU).
The Schatten p-class S,(A2) is defined as
S,(A%) = {T €L(AL): Y su(T) < oo} :
n=0

where s, (7T) are the singular numbers for 7" given by
sp(T) = inf{||T — K||: K has rank <n},

and L£(A2) denotes the space of bounded linear operators on A%. Note that in general the
above definition of Schatten p-class holds on any infinite dimensional Hilbert space H. The
classes S;(A2) (the trace class) and Sy(A2) (the Hilbert-Schmidt class) are the best-known
examples.

It is known that Sy(H) is a two sided ideal in B(H) (see [3]), where B(A2%) is the space

of bounded composition operators on AZ. Indeed, this follows from the identities s, (T'S) <



T'|5,,(S) and s,(ST) < |S|sp(T) for T € S,(H) and S € B(H) which intern follows from
the definition of the singular numbers s,,. As a consequence of this the following important
comparison properties hold which are used to construct compact but non-Schatten ideals in
A2,

Let Q9 C 7 C D be simply connected domains and ¢,(n = 0,1) be univalent maps

from D onto €2, respectively.
Lemma 2.1.1. If Cy, € S,(A2) then Cy, € S,(A2)

Indeed, let ¢ = ¢;' o ¢. It is easy to check that ¢ is a well-defined slef-map of D
into itself and Cy is a bounded linear operator on H? ( i.e,Cy, € B(A2)) which implies that
Cyo = CyCy, € Sp(A2) whenever Cy, € S,(A2) as S,(A2) is an ideal of B(A2). Analogous

argument yields the following:

Lemma 2.1.2. suppose that Q) is the image of )1 under an automorphism of the unit disk

D and ¢ is a univalent of D onto Q. Then Cy, € S,(A2) if and only if Cy € S,(A2).

B. A. Lotto [2] began the investigation of the connection between the geometry of ¢(D)
and the membership of Cy in S,(H?). He considered the Riemann map ¢ from D onto the
semi-disk

1 1
G:{z:Im(z)>Oand\z—§\<§}

which fixes the point 1 (see figure 1.) Lotto computed an explicit formula for ¢ given by

and proved that Cy is a compact composition operator on H? but not Hilbert Schmidt

(Cy ¢ Sp(A2) and came up with the following conjectures:

Conjecture 2.1.1. The composition operator Cy, belongs to the Schatten p-ideal S,(H?) for
p> 2.

Conjecture 2.1.2. Given p, 0 < p < oo, there exists a simple example of a domain G, with
G, C D, or there are easily verifiable geometric conditions on G, such that the Riemann

map from D onto G, induces a compact operator that is not in S,(H?).



Figure 1: The half disk

Y.Zhu [1] proved both Lotto’s conjectures and constructed a Riemann map that induces
a compact composition operator which is not in any of the the Schatten ideals on H2. The

main result of Y.Zhu [1] reads as follows:

Theorem 2.1.3. Let ¢ be the Riemann map from D onto the semi—disk G described above.
Then the composition operator Cy induced by ¢ belongs to the Schatten ideals S, for allp > 2

The goal of this chapter is to extend Zhu’s solution of Lotto’s Conjectures to the weighted

Bergman space S,(A42). In the S,(A?) setting, Lotto’s question can be summarized as follows:

Consider the Riemann map ¢ described above

1. Find a p, 0 < p < oo, such that Cy ¢ S,(A2).

2. Given p, 0 < p < o0, look for an analogous geometric conditions on G, C D such that
the Riemann map ¢,: D — G, induces a compact composition operator that is not in
S,(A2), and use this fact to construct Cy which is compact but not in any S,(A42) for all

0<p<oo.



The compactness criterion (Theorem 2.1.1) assures us that C), is compact on A2. Note here
that the compactness of Cy is independent of o. In the next section, we address both of
these questions. For a = 0, we extend Zhu’s solution ([1]) to prove that C, € S,(A2) if and
only if p > 1, showing that the trace class S;(A2) “draws” the “borderline” of membership of
the Cy’s in the Schatten ideals on S,(A3). Likewise, we extend Zhu’s results on Conjecture

2 first in S,(A3) and then for the general S,(A2), o > —1.

2.2 EXTENSION OF LOTTO’S CONJECTURE ON THE WEIGHTED
BERGMAN SPACES

To answer the first question, we need the Luecking-Zhu’s Theorem (see[3]) to characterize

membership in S,(A2). This theorem reads

1 —a—2
Cy € S,(A2) if and only if Ny o40(2) (log (\z\ )) € Lz2(dN),

where

Nyp(w) = Z 10g<| |>ﬁ

z€P™1
is the generalized Nevanlinna counting function, and d\(z) = (1 — |2]?) ?dzdy is the Mobius
invariant measure on D.

For ¢ univalent self map of D into itself,

B
Mool = (loatimi) ) ~A=lo7 G for 167 1

1
671 (2)]
Thus, we have

Lemma 2.2.1.
For ¢ univalent self map of D into itself, it holds

2 . Lo @\
Cy € Sp(A;) if and only if  X4(p).- —’ € L2(dN).

1 — |w

Therefore, we conclude



Corollary 2.2.1.
Let a > —1 and ¢ a uniwvalent self map of D into itself, We have:

Cy € S,(A2) if and only if Cy € S(asrayp(H?)

We use Corollary 2.2.1 to update Theorem 3.1 of [1] on the setting of S,(A2) spaces. We

first consider the standard case a = 0. The analogue of Theorem 2.1.1 reads:

Theorem 2.2.1.

Let ¢ be a Riemann mapping from D onto the semi-disk
1 1
G={z:Im(z) >0 and |z—§| < 5},

such that ¢(1) = 1. Then the composition operator Cy belongs to the Schatten ideals S,(A3)

if and only if p > 1.

Remark 2.2.1.

It’s interesting to compare (Theorem 2.2.1) with the corresponding result in the H* case
(see Theorem 3.1 in [1]) which holds for p > 2 showing here that the trace class Sy(A2) is
the “borderline” case for membership of Cy in the Schatten-p ideals. For the proof, see the

general case next.

Let us now consider the general case when —1 < « is arbitrary. Corollary 2.2.1 and

Theorem 2.1.2 at once implies the following

Theorem 2.2.2.
For —1 < «, under the assumptions of Theorem 2.2.1, we have
Cy € Sp(A2) if and only if p > 5.
In the following, we address the second question. For 0 < 8 < 1, we let G be the

crescent shaped region bounded by
1 1
G ={z:1Im(z) >0 and |z—§| 25}

and a circular arc in D joining 0 to 1 with the two arcs forming an angle S7 at 0 and 1 (see
Figure 2 and Figure 3 and Figure 4 for three different values of 3)
Let ¢3 be the Riemann map of D onto Gg with ¢3(1) = 1. The second result of Y.Zhu

[1] for the Hardy space reads:



Figure 2: The half disk (8 = 1/2)

Figure 3: Crescent shape region (0 < 5 < 1/2)



Figure 4: Lens shape region (1/2 < § < 1)

Theorem 2.2.3. Suppose that Cy, is the composition operator induced by ¢g. Then

Cy, does not belong to the Schatten ideal S 25

s (1)
Cy, € Sp(H?) for all p > (1%%)

Applying Corollary 2.2.1 and Theorem 2.2.3 we obtain

Theorem 2.2.4.

L] a) C¢ﬁ §é S 23 (AQ)

TAmE -
e ) Cy, € Sp(A2) for allp > %
Remark 2.2.2.
Note that here B characterizes the geometry of ¢g(D).It is also interesting to note that the
geometry for 3 = 1/2 ( the half disk for which the associated composition operators do not
belong to So(H?) and Sy (A2) respectively ) is a borderline, in the sense that if the half disk is

shrunk slightly so that it is bounded by circular arcs meeting at an angle less than /2, then

the associated composition operator is Hilbert-Schmidt( Sy(H?)) for the Hardy space H* (

11



Theorem 2.2.3) and is in 81( ) (the trace class for a = 0) and ( theorem 2.3.4). See [2]
for the Hardy space case.

In the following , addressing Lotto’s second question, We present Zhu’s construction of
compact composition operators that is not in any of the Schatten-p ideals ( see Section 5

([1]) and consequently Corollary 2.2.1 is used to extend Zhu’s result to the Bergman space

AQ

z.
The construction is read as follows:
i0

Let 0, = 25, zn =€, 1y = (%) sinf, and ¢, = (1 —r,)z, where n = 1,2, ....

Define €2,, to be the region bounded by the semi-circle

{z:Im(z) >0 and |z — |c,|| = 70}

and a circular arc that is inside D joining 1 — 27, to 1 forming an angle of (”ié)ﬁ at 1.
Let
Q= {ze" 2 €0}
and
Q=) (2.1)

Zhu’s result is summarized in the following Theorem ( see [1]):

Theorem 2.2.5.
Suppose 2 is as defined in (2.3), then

e ) is a simply connected domain contained in the upper-half of D.

o Any Riemann map ¢ that maps D onto S induces a compact composition operator Cy

that does not belong to any of the Schatten-p ideals S,(H?), p > 0.

The outline of Zhu’s ( [1]) proof goes as follows:

First he showed that () is simply connected by estimating the distance between the
centers ¢,_1 and ¢, of €, ; and Q) (n > 2) as O(:5). On the other hand the radius r,
of (2, is 3 sin( hence showing that €2 _, and ), overlap and hence ) is simply

= 1. Thus, Q)

1
+1)2n_+1

connected. Since I'm(c,) = (1 — r,)Im(z,) = (1 — ry,) sin( > 1 sin(

n+1) +1)

lies in the upper half of D.Consequently, 2 is in the upper half of D. By the construction

12



of €2, we know that €2 touches the boundary of D at z,,n =1,2,3,... and at 1.0ne can see
that ¢ is not conformal at z, and hence has no angular derivative at z,. Note that (2 is
in the upper half of D and z, < 1 as n < oo, thus ¢ is not conformal at 1 either.By the
angular derivative criterion for compactness ( the analogue of Theorem 2.1.1 for the Hardy
spaces and for ¢ univalent see [9]), We know that Cj is compact. Let ¢, be a Riemann map
that maps D onto €2,” and ¢4, be the induced composition operator. Let Gz be the region
defined in Theorem 2.2.3 and g be a Riemann map from D onto GG,. By theorem 2.2.3, We
know that the composition operator induced by 1/1% does not belong to the Schatten ideal

Sn+1 . Let

24 (1 —2r,)
m(z) = 1+ (1—2r,)z

Then 7, is an automorphism of D with nn(G%) = ( see figure..). Thus , by lemma 2.1.2

e 2 e D.

Cy, ¢ S,11(H?). Moreover, since Q) C Q for any positive integer n, C;, ¢ S,11(H?) by
lemma 2.1.1 for any n. Since S,(H?) C S,(H?) for p < g, it follows that Cy does not belong
to any Schatten classes. This completes the proof of Theorem 2.2.4. Theorem 2.2.4 easily
extends to the Bergman space A2 setting by applying corollary 2.2.1. Thus Theorem 2.2.4
holds when H? is replaced by A? with no modification of the region Q.

In the next chapter we shall be using these same class of examples ([2]) to explore
B-boundedness/compactness of composition operators on the Hardy spaces and their rela-

tionships to the Hilbert—Schmidt class.

13



3.0 BETA - BOUNDED AND SCHATTEN CLASS COMPOSITION
OPERATORS ON THE HARDY AND BERGMAN SPACES

In this chapter we investigate S-boundedness on the the class of examples (see B.Lotto[2])
of composition operators C, whose symbols ¢ are Riemann maps from the unit disk D onto
the semi—disk with center (%, 0), radius % and onto a “crescent” shaped regions based on this
semi-disk (see also [2]). We use the R.Riedel [8] characterization of f—boundedness and com-
pactness on H? to determine a range of values of 3 € R for which Cj is 3-bounded/compact.
A similar result also extends to composition operators acting on the weighted Bergman spaces
A% (> —1) based on W.Smith ([5]) characterization of S-boundedness and compactness
on these spaces. We also prove necessary condition for C; to be in the Schatten—p classes in

terms of J-boundedness. In the first section we give some background material.

3.1 BACKGROUND

The problem of characterizing composition operators Cy : H? — H?, (0 < p < ¢), has been
considered by several authors, beginning with H. Hunziker and H. Jarchow [6] (see also [7].
) In this paper they observed that for 3 > 1, Cy : H? — HPP is bounded for some p > 0
if and only if it is bounded (i.e f—bounded) for all p > 0. Then they characterized those ¢

that induce such composition operators as those for which my satisfies a $-Carlson measure

sup{%,6>0,w —1} < 00

if and only if Cy4 is B-bounded and

m
limsup { — == =0
=0 \nlzpl { (0)° }

condition (see [6]),



if and only if C} is f-compact.
where

D(n,0) ={z€ D :|z—n| <},

and my is a measure canonically associated with the symbol ¢ given by

mg(A) =m((¢") 7 (4))
for all Borel sets A C D, m is the Lebesgue measure on 9D and ¢* : 0D — D is the radial
limit function. Then ,R.Riedl ([8]) , applying this result, proved the following result in his
dissertation. We will be using this theorem and it’s extension to the Bergman spaces by

W.Smith [5] to derive our main results.

Theorem 3.1.1.
Let > 1,0 < p < oo and suppose ¢ is an analytic self-map of D. Then Cy : H? — HPP

1s bounded if and only if

NW@=0<@%(ﬁor>,<mwrﬁw

compact if and only if

Mwn:o(hggi)r),<wwran

where Ny is the classical Nevanlinna counting function for ¢.
We also need the following generalization due W.Smith ( [5])

Theorem 3.1.2. [ Corollary 4.4, Theorem 5.1 [5]]
Let 0 < p < oo,n > 1, and let ¢ be an analytic self-map of D. Let a« > —1,3 > —1.
Then Cy : A, — A} is bounded if and only if

1 (2+a)n
Noalw) =0 e ()] ). a1

compact if and only if

1 (2+a)n
Vo) =o ([los ()| ) sl =1

where Ny 5 1s the generalized Nevanlinna counting function for ¢.
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Remark 3.1.1.
Note here that the case « = —1 and 3 = —1 represent the limiting case ( A*; = HP)
thus Theorem 3.1.2 reduces to Theorem 3.1.1.

In this chapter we are interested for the case where ¢ is univalent. In this case, the

Ny(w) = 0 ([mg (ﬁ)r) L aslel o1

says, for |w| & 1, there exists such that

condition

L—]o7 (w)] < M(1— |w])”.

Setting ¢~!(w) = z, this reduces to saying that for |w| ~ § ,  — 0, there exists M > 0 such
that
p M {w:l—d<w <1} C{z:1-M <|z| <1}

Thus the operator Cy : HP — H A is f-bounded, if points d—close to the boundary of D
are taken on by points Md§°—close to the boundary of D. A simple example illustrating
this condition could be ¢(z) = 3 for which the above condition obviously holds for all
B > 1, which means Cj is f-bounded for all 5 > 1. ( Note here that this also directly
follows from Theorem 1.1.) Indeed this condition holds for any univalent self maps ¢ with
l|6||oc < 1. From the other extreme, for ¢(z) = z, the condition is satisfied only for § = 1
and, consequently, Cy is 1-bounded (i.e bounded) and not §-bounded for 5 > 1.
On the other hand, the corresponding little-oh condition

wior=a((m(@)]).

says given |w| ~ d§ , 0 — 0, we have for all € > 0 there exists . > 0 such that
p T {w:l—0<|wl <1}) C{z:1—-ef < 2| < 1}

which, geometrically, means that points d—close to the boundary of D are taken on by pre-

image points €5’ —close to the boundary of D for € > 0 arbitrary. Examining the above

simple examples, we can easily check that for ¢(z) = 5 (in fact, this is true for any univalent

self map ¢ with ||¢||c < 1), Cy is f—compact for 3 > 1, where as ¢(z) = z induces a non

16



fB—compact operator for all 5 > 1. W. Smith[5], has constructed a necessary condition for a
Riemann map ¢ : D — G( G is simply connected), that induces a f—bounded composition

operator CP : AP — HPP for all 3 > 1.The condition is stated in the next

Theorem 3.1.3.

Let G C D be a simply connected domain such that

oglw)

lw—1 1 — ’C&J’ N

where 6g(w) is the distance from w to C\ G for w € G,and ég(w) =0 ifw € C\ G.
If ¢ : D — G is a Riemann map, then Cy : AP — HP? is bounded for all 3 > 1

Theorem 1.3 certainly covers a large class of examples including the family of com-
position operators Cy : H? — HPP for which ||¢]|c < 1. However, a simple geometric
consideration shows that the hypothesis of Theorem 3.1.3 is too strong to obtain polygonal
f-boundedness and compactness results.(see 6.7 Theorem in W.Smith [5]- for polygonal
B-boundedness/compactness result). We shall see in Section 3.2 that Theorem 3.1.3 is not
also applicable to our class of examples.

In the next section, we will primarily be dealing with the [2] class of geometric examples
discussed in chapter 2 and it’s derived class “induced” by “crescent—shaped” regions (to
be described later in the next section) to investigate S—boundedness and compactness and
receive further insight on the connection between 3 ~boundedness and the Hilbert—Schmidt

classes (on the subsequent section.)

3.2 BETA-BOUNDEDNESS ON THE HARDY AND BERGMAN SPACES

Let 1 < 8 < oo and consider

Cy: H> — H?

We begin by recalling that Cy is f-bounded (resp. compact ) if and only if Cy : H*> —
H?% is bounded (resp. compact)

17



Let us re—consider the Riemann ¢ : D — G (onto) which fixes 1.(described in section 1),

where G is the semi-disk
1 1
G={z:Im(2) >0 and |z—§|<§}
Firstly, we observe that, for ¢ univalent and for |w| — 1(i.e w — 1), we have

Ny(w) = 1= o7} (w)]

1
log (—) ~1— |wl
w

A simple geometric consideration shows that dg(w) =~ (1 — |w]|), where dg(w) is as defined in

and

Theorem 3.1.3. Thus, we have dg(w) ~ 1 — |w| showing that Theorem 3.1.3 is not applicable
in this case.

In the following we investigate -boundedness/Compactness for an extended class of
composition operators induced by the modified “crescent” shaped regions which are already
considered in chapterl. For simplicity, we restrict to the H? case.

For 0 < a < 1, let G, represent the region bounded by the semi—circle
{z:Im(2) >0 and |z—1/2|=2}

and a circular arc that is inside of D joining 0 to 1 (see Figure(4.1) in [1]). These two arcs
form an angle ar at 0 and 1. Let ¢, : D — G, ( onto) be a Riemann map with ¢,(0) = 1.
To derive our results, we apply a sequence of conformal maps starting with 7(z) = i(1/2—1)
which takes G, onto a sector A,, where the two sides of the sector forming an angle of ar
with initial side the +ve real axis. (see Figure(4.2)in [1]) and subsequently z'/¢ takes A, to
the upper half plane H' and finally the map n(o) = }f% takes H* back onto D. Thus we
have

¢, =mnor*,

Moreover, writing 7(w) = pe? we estimate

1 —|w|* =~ p* +2psind, as p— 0.
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Indeed,

1 2
Ll = 1_<‘1—¢7)

1 2
- (’1—2'06” )
1
b= 1+ 2psin(6) + p2
1+ 2psin(f) + p* — 1
14 2psin(0) + p?
~ p°+2psin(d) as p— 0.

Similarly, writing 7(c) = 7€ | it’s not hard to get the estimate
1—nl=Im(o) asoc—0 (orn—1).
Indeed,

i(1—re®) i(1+ 2risin(9) — r?)
1+rei?® 142 cos(f) + r?

o=

from which we conclude that
Im(o)~1—r as r—1

On the other hand,

2 _

1L—[n*=1~—|re —r’~l-—r~Im(c) as oc—0 (orn—1r—1)

But then,
1— ¢ Hw)| =1—|n| = Imo ~ p**sin(8/a) asp—0 (orn—1)

( where the last estimates comes from expressing o = 7Y/ = (pe??)1/®)

Now we have all the ingredients to establish our next result. Indeed, we write

1-ow) _  Imo
(I—lw)? = (p*+2psind)’
_ ptsin(0/a)
T (p? +2psind)P
pl/at1

7&5 p—>0
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where the last estimate is justified considering two cases:
Note that 0 < 6 < oo and since sin(f) is symmetric with the line y = 7/2 for the following

arguments we may assume that 0 < 6 < 7/2

Case a: 6 is “large”:

. 1/c g; 1/«
~ p/*sin(0/a) P P P
In this case we have LHS ~ —(/72 2psin 0)7 < P < B —pﬁ = —/)2/6 .

Case b: 0 is “small”:
In this case we have sin(6) ~ 0.

If § < p then pf < p?, thus we obtain

p'/sin (0/a)

LHS
(p? + 2psin )P

IN

IN

If p < 0 then p? < pf, thus we get

p'/*sin (0/a)
(p? + 2psinh)?
p'/*0
(00)”

LHS

Q

IN

IN

and it is clear that the estimate is sharp asymptotically and optimality is obtained along the
line =p .
Thus we write LHS ~ p'/?t1726 as p — 0

Applying Theorem 3.1.1, we read
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Theorem 3.2.1. For 0 < a < 1, ¢, as defined above,

Cy, : H> — H*

18
a) bounded if and only if f < i + 1 and

2

b) compact if and only if 3 < 5=+ 3

Remark 3.2.1.

1.) It’s interesting to note that Theorem 3.2.1 gives an affirmative answer to the open question
posed by Hunziker and Jarchow (see 5.2 in [6]) which asks: Find an example of a 3 ~bounded
(1 < B < o0) composition operator Cy, which fails to be F-compact. Theorem 3.2.1 gives an
example of a B-bounded composition operator Cy which fails to be f—compact( o = 1/2 i.e
the half disk, = 3/2 in Theorem 3.2.1). Thus,

B(¢) = sup{B>1:Cy(H") C H"}
= sup{B>1:Cy(H") C H""}

= [=3/2 (in our case,)

where 0 < p < co. Note here that, B(¢) tells how much a composition operator Cy improves
integrability properties of functions to which it is applied.

2.) What about the case § = oo? i.e Is Cy, : H* — H™ (for ¢, as in Theorem 2.1)
bounded?compact? Note here that Theorem 2.1 cannot be applied here. But then, since
l|Palloo £ 1 (since ¢po(1) =1 ), applying Nzar and Jaoua[10] characterization we conclude
that Cy,,(H?) € H®, which means Cy, : H* — H> is not bounded (and hence not compact. ).

21



The above argument can easily be reproduced Theorem 3.2.1 on the weighted Bergman
space setting. Indeed, for 0 <~y <1, 1 < 8 < oo where ¢, as in Theorem 2.3, a > —1,17 >
—1, we consider Cy. : A2 — A2’

Reproducing the same chains of estimates leading Theorem 3.2.1 we obtain

N¢7~n+2(w) < pl/'Y(n"FQ)"rl
(log(1/[)e7P =~ 2es7p

and the estimate is asymptotically optimal along the line p = §.Consequently. we obtain the

analogue of Theorem 3.2.1 stated as

Theorem 3.2.2.
Let 0 <y <1,1< B < o0 where ¢y as in Theorem 2.3, « > —1,n > —1.
qu,y . AZ — A%ﬁ 18

(n+2)+1

bounded if and only if B < Y/ s

( and
(n+2)+1
(

N
2
compact if and only if B < 1/; at2)

Remark 3.2.2.

1.) Note that the case o = 3 = 0 yields the condition 3 < % +1/4 (res. f < % +1/4) for
beta—-boundedness (res. B-compactness) for the classical Bergman spaces and we recover
Theorem 3.2.1 for o = —1, 3 = —1. In particular for the half disk geometry (i.ey =1/2
) we obtain an example of a 5/4—bounded composition operator which is not 5/4—compact

on the standard Bergman space.

2.) It’s also interesting to compare Theorem 3.2.2 with the result on polygonal compactness
Theorem (6.7) in W.Smith [5]. which asserts that composition operators induced by
polygonal self-maps are both (3 -bounded and B—-compact, for all 1 < [ < oco.

3.) The case 3 = 0o is not included in Theorem 3.2.2 and it is also interesting to ask if the

analogous result also holds as in Remark 3.2.1(2)

In the next section we investigate the connection between f—boundedness and Hilbert—

schmidt operators on H?
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3.3 BETA-BOUNDEDNESS VS. HILBERT-SCHMIDT/SCHATTEN
CLASS OPERATORS

Based on the observation of the results of Section 2 and the fact that the Cy’s (¢ is the
Riemann map taking the unit diskD onto the semi-disk described in Section 2) are not
Hilbert-Schmidt(see [2]), it is natural to ask the following:

Given 0 < p < oo and ¢ a univalent self-maps of the Unit disk D which induces a
compact composition operator Cy on H?, for which values of § > 1, the statement

C, is f-bounded implies Cy; € S,(H?) holds? Under what extra assumptions on ¢?

We investigate this on the the general Schatten—p ideals (0 < p < o0), for this, once
more, we need the Luecking-Zhu’s Theorem ([11] ) to characterize membership in S,(H?)

which reads:
Cy € S,(H?) if and only ifNy(z) (log (| |)> € L3(dN),

where Ny(z) is the Nevanlinna counting function and d\(z) = (1 — |z|*) ?dzdy the Mdobius
invariant measure on D.

For ¢ univalent self map of D into itself,

V(o) = (lonl iy ) = = o@D o o) =1

Thus, we have

cocsirse [ [, () 0 o <

which can be re-written as

: =o' @) ?
Cy € S,(H?) H//D)<1—|w| ) dA(w) < oo

which certainly holds if Cy is S-bounded for 8 <1 + %, in particular if § =1+ %.
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Theorem 3.3.1.

Let ¢ be a univalent self-map of D, with ¢(1) = 1, which induces a compact composition
operator Cy on H?, and ¢(D) is contained in the stolz angle at the boundary point 1 € dD,
then

Cy: H> — H*? bounded for 3 <1 —i—% implies Cy, € S,(H*(D)).

The above (Theorem 3.3.1) result easily extends to the weighted Bergman spaces using

the corresponding Luecking—Zhu’s Characterization( See Lemma 2.2.1 ) which reads as

Theorem 3.3.2.
Let o > —1
Let ¢ be a univalent self-map of D, with ¢(1) = 1 which induces a compact composition

operator Cy on A%, and ¢(D) is contained in the stolz angle at the boundary point 1 € dD,

then
Cy: A2 — A8 bounded for 3 < (a+2) + % implies Cy € S,(A%(D)).

In the following we use the Hilbert-Schmidt condition to derive a weaker criterion for
membership to the Hilbert Schmidt class on H?

We start with the following fact:

1
(1=2)

€ H* (D) for0<t<1/2

Setting = 1/t, we have 0 <t < 1/2 <— [ >2
Assuming: Cy : H?> — H?P bounded for 3 < 2, we obtain

1/(1 = ¢(2))" € H*(D)

which implies

1/(1 = ¢(2))*” € H(D)

Hence, putting = %, we get
1/(1—¢(2))* € H(D)
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At this point we need to assume that ¢(1) = 1, with this, we estimate

1—|o(2)* =~ 1—]8(2)|
~ [1—-0¢(2)], forz—1
> 1 —o(2))

where for the middle estimate we require that ¢(D) has to be contained in the stolz domain
at the point 1. Now applying the well-known Hilbert—Schmidt criterion ( see [12] ), we

obtain

4 1 g 1
/_ﬂ T Jeenm™ = / 1 (e <o

Consequently, we get

Theorem 3.3.3.

let ¢ be a univalent self-map of D, with ¢(1) = 1 which induces a compact composition
operator Cy on H?, and ¢(D) is contained in the stolz angle at the boundary point 1 € OD,
then

Cy: H> — H* bounded for 3 < 2= Cy € So(H*(D)).

In the next chapter, we investigate the existence of compact composition operators on
the Bergmann spaces on multiply connected domains based on the recent result of [12] and

[5] on simply connected domains.
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4.0 CHARACTERIZATION OF COMPACT COMPOSITION OPERATORS
ON THE HARDY-SMIRNOV SPACES.

In this chapter, we characterize boundedness and compactness of composition operators on

the "Hardy—Simirnov’ spaces over simply connected domains.

4.1 PRELIMINARIES

For G simply connected domain properly contained in (C'), we used the recent result of Con-
treras, Manuel D.Hernandez-Diaz, and Alfredo on Weighted composition operators between
different Hardy spaces [17] and the recent result of J. H. Shapiro and W. Smith [12] to give
a (J—Carlson characterization of boundedness and compactness of composition operators on
the—Simirnov spaces EP(G) over simply—connected domains.

Let n be a Riemann map that takes the open unit disk D univalently onto G. For 0 < p < oo
we define the "Hardy—-Simirnov’ Spaces: EP(G) to be the collection of functions F' holomor-

phic on G such that
sup [ f(w)Pldu < oo,
n(z:|z|=r)

o<r<1
When G is a Jordan domain with rectifiable boundary, E?(G) coincides with H?(G) up to
an isometric isomorphism.( [14] ) In particular, E*(D) = HP.
However, if the region G is an interior of a Jordan curve which is analytic except at one
point, where it has a corner with interior angle a, then EP(G) is properly contained in G if

0 < a < 7 while H?(G) properly contained in EP(G) if 7 < o < 2m.([14])
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Let D be the unit disk, b € 9(G), and define
Sb,r)={z€D:|z—0b <r} CD.

For ¢ , ) Holomorphic maps on D with ¢(D) C D 0 <p < o0
A Weighted composition operator Wy, : H? « HP defined as

Wsu(f) =(fod), feH”

Naturally, composition operators are special cases when f = 1. We need the following result
of [17] on weighted composition operators on the Hardy spaces. Let W, : H? — HP denote

a weighted composition operator on the Hardy space H? defined by

Weu(f) =¢(f o 0)

, here ¢ and 1) denotes holomorphic maps with ¢(D) C D.

Theorem 4.1.1. ( A. Tadesse)
Let 1 < p.If¢y € HP, then

a) Wy HP — HP is bounded if and only if 3M > 0 such that

/ (b ()[Pdm < Mr
@~ 1(S(b,r))NA(D)

forallbe (D), 0 <r <1

b) Wy : HP — HP? is compact if and only if

(S [v(2)|Pdm
lim sup Jo-1swaprom)
r—0pcoD T

=0

where m denote Lebesgue arc-length measure on d(D); normalized to have total mass

one.
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4.2 MAIN RESULTS

In the following, we consider composition operators Cy : EP(G) < EP(G) for 0 < p < oc.

Using change of variable formula ( see e.g [14],Corollary, page 169), it can be verified that
f € B (G) = f(n(w)(n(w))"? € H?
Associated with Cy we define a weighted composition operator:
Wy, HP — HP

defined by
Wep=Vp0Cso0 Vp_1

where V,f = (/)/?(f on), f € Hol(G). it can be easily verified that

(We) (f)(2) = (Qu(2))7(£(¢(2))), 2 € G

where Q,(z) = %7 z € Y(G)
The following facts are extracted from the recent paper of J.H.Shapiro and W. smith (

see [12])

Remark 4.2.1. a) V, defines isometric similarity between Cy : EP(G) — EP(G) and W, :
H? — HP. Thus, the two are unitarily equivalent.

b) Cy bounded/compact if and only if W, is bounded/compact.( a direct consequence of b)
)

¢) Boundedness and compactness of Cy is independent of p. ( i.e if these properties hold
for some p, 0 < p < oo, it holds for all p )

d) Both ' and % are bounded on D if and only if every composition operator on EP(G) is
bounded.

e) EP(G) supports compact composition operators if and only if n' € H' which can be
rephrased as O(G) having finite dimensional Hausdorff measure.( see [15]). Theorem
10.11, pp. 320-321) In the case G is a Jordan domain, this condition is in turn equivalent
to saying G is rectifiable. ( see also [15], Lemma 10.7, page 319)
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Thus, given Cy : EP(G) — EP(G) where G is simply connected, it can be viewed as a

weighted composition operator on H? with weight (n,?:P((ZZ))))l/p (s ee [12] ) where n is the

Riemann map from D onto G. Applying Theorem 4.6.1 using weight ¢ (z) = {77,7(7:;(22))) /P we

read the following result.

Theorem 4.2.1.
Let G be simply connected.
n:D—G
be the Riemann map
Let Cy : EP(G) — EP(G) and define p =n~togon: D — D. Let Qu(z) = %, for all
z € Y(G)
Suppose that Qw(z)% € HP.

Then, the following statements are equivalent.

a) Cy : EP(G) — EP(G) is bounded if and only if IM > 0 such that

/ |Qu(2)|dm < Mr
o1 (S(b)NA(D)

forallbe (D), 0 <r <1
b) Cy: EP(G) — EP(G) is compact if and only if

1(S(br Qo (2)dm
lim sup fso L(S(b,r))Na(D) v ¥ _
r=0pcoD T
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Remark 4.2.2.

Note that for the standard composition operators on the unit disk D (G = D and hence
n' =1 ) Theorem 4.1.1 a) gives boundedness of composition operators on the Hardy Spaces
of the unit disk for free and Theorem 4.1.1 b) reduces to the Carlson characterization of
compactness as expected. (see [17] )

Furthermore, since not all Hardy—Smirnov spaces support compact composition operators
[12], Theorem 4.1.1 applies only if n € H' (i.e EP(G) supports compact composition oper-
ators)

In the case both 1’ and # are bounded (which means every composition operator is
bounded in E?(G) [12]) a weaker condition can be obtained in terms of the classical Carlson

condition. We state this result as a corollary.
Corollary 4.2.1. ( A.Tadesse) Suppose that both ' and # bounded,
then Cy : EP(G) — EP(G) is compact if

i sy 27 (5.7 N9(D))

r—0pcopD r

=0

4.3 EXAMPLES

In the following we give an example( adopted from [12]) verifying Theorem 4.1.1 for a simple

geometry where an explicit and simplified expression for the Riemann map is known.

Example 4.3.1. For reasons which comes shortly we consider now the case p = 1. The
remaining values of p is taken care of by remark 4.2.1

As usual let D represent the unit disk. Let n(z) = 1 — (1 — 2)'/2, so that n(D) is a
“teardrop” shaped domain symmetric about the real axis, whose boundary meets the unit
circle at the point 1, where it makes an angle of w/4 radians with the unit interval. Let

G =n(D). It follows from the elementary inequality
1 —w? < |1-w| (Re(w)>0)

Let ¢ = n/G ( i.e the restriction of n to G), and so ¢(G) = n(G) = n(n(D)) C n(D) = G,
i.e ¢ is a holomorphic self map of G. The disk map that corresponds to ¢ is ¢ =n 'ogon =
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ntonon=mn Nown'(z) = (1/2)(1—2)"Y2, s0 Q,(z) = (1 —2)"Y4, an unbounded function
m € Hl(D)( and
hence the choice of p = 1), the hypothesis of Theorem 4.1.1 is satisfied. Since the boundary

on the unit disk. We show that, nevertheless, Cy is compact. Since

of G touches the unit disk D only at the point 1 with the boundary of ¢(G) = n(G) forming
a stolz angle at this point, the only value of interest for b is 1.

Thus, suffices to show that fwl(S(Lr))ma(D) 1Qu(2)] = fwl(m)maw) W —0 as r—

A simple algebraic manipulation shows that z € ¢~ '(S(1,7)) N A(D) if and only if (1 —
2)(1 = %) = r* and 2 € O(D). Parameterizing this with z = ¢ shows that this is indeed

equivalent to 0 = arccos(1—r%/2) ~ r%, where the last approximation follows from the identity
arccos(1 —r*/2) = r% + O(r%)

Thus we have

1
——dm
/cp 1(S(1,r))Na(D |1—Z|1/4

arccos(1—r4/2) 1
= / do
(1 —cos(#))1/8

df
/o (1 —cos(#))/8

21/8 21/807/4
[ans

[e=]

Q

Q

)do
0

(%)

Q
S

where the estimate second to last comes from the identity

1 21/8 21/897/4
_ 15/
T —cos@)® a5 OO

thus showing that
dm

1
fga—l(S(l,r))ﬁa(D) [1—z|1/4

. =O0(r'?) =0

asr — 0

Thus, by Theorem 4.1.1 b) Cy is compact on E*(G) and hence on any EP(G), for 0 <

p < o0 as expected.
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